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This paper presents part of the outcome of joint discussions with 
Leonard L. Scott to whom I am very grateful for his introducing me to the 
subject of derived categories of module categories of quasi-hereditary 
algebras and perverse sheaves. 
The exactness of some functors for sheaves in connection with a recolle- 
ment diagram of derived categories [6], namely the “extension-by-zero- 
functor” and the “restriction-functor,” suggests that the corresponding 
functors between the module categories of quasi-hereditary algebras should 
also be in some sense exact, at least on reasonably good subcategories. 
More precisely, let A be a quasi-hereditary algebra over an algebraically 
closed field, and let e be an idempotent such that J= AeA is an ideal 
occurring in a defining heredity chain of A [2, 31. Then we show that the 
functor 
A/J@ A - : mod-A --+ mod-A/.? 
XH A/JOAX 
is exact on the category mod-A of finitely generated left A-modules which 
have a Weyl filtration with respect o the given heredity chain of A, and the 
functor 
AeQeAe- : mod-eAe -+ mod-A 
Yt+AeQ...Y 
is exact on the category of left ede-modules with Weyl filtration with 
respect to the induced heredity chain of eAe. For the case where A arises 
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from constructible sheaves, cf. [6, 5.171, all A- and ede-modules have a 
Weyl filtration, and the functors above correspond to extension-by-zero 
and restriction for the sheaves with respect to a suitable open set. 
If we consider the categories mod-A and mod-eAe as highest weight 
categories, this shows that these functors are exact if all Weyl modules are 
simple. In particular, this holds if A is hereditary, or A is a poset algebra. 
We have two further applications. Namely, first-essentially a conse- 
quence of the long exact Tor-sequence-we present a result about the 
vanishing of higher Tor-groups on certain subcategories of mod-A. Second, 
we give a short proof-purely within the framework of quasi-hereditary 
algebras-of the fact that the multiplication map Ae@,,, eA -+ AeA is 
bijective. Originally due to Dlab and Ringel [4] and Parshall [S], this 
result was in [S] obtained by using the existence of recollements between 
derived module categories. 
Notation. Let A be a semiprimary artin quasi-hereditary algebra 
Cl, 2, 61. We choose idempotents el, ..,, e, = 1 in A such that eiei = ejei = 
ernin(i,j) for all 1 6 i, j< II, and we put Ji = Ae,A; then 
JO=OsJ1s . ..sJ.=A 
is a defining sequence of ideals [6] in A, for short a heredity chain of A in 
the terminology of [ 31. 
Recall that all this means the following. 
For each i, the ideal Ji = Ji/Ji- 1 is a heredity ideal of A/J,- I which 
means that Ji is an idempotent two-sided ideal of A/J,-, which is right 
projective as A/J,- ,-module, and moreover, it satisfies Ji Rad(A/J,- r)Ji = 0. 
Let e = ei for some i, 16 i < n, and let J= AeA. Then the chains 
and 
0% Ji,,/Jse..s Jn/J= AjJ 
O~eJ,e~...~eJ,e=eAe 
form heredity chains of the quasi-hereditary algebras A/J and eAe, 
respectively. We refer to these chains as the induced heredity chains of A/J 
and eAe, respectively [3]. 
Recall also that mod-A is a highest weight category with Weyl modules 
being the indecomposable direct summands of the A-modules Ji/Ji- 1, 
i = 1, . . . . n [l, 61. We say that an A-module has a Weyl filtration with 
respect to the given heredity chain of A, if it has a composition series with 
subsequent quotients being Weyl modules. 
By mWf-A we denote the subcategory of mod-A consisting of the 
A-modules having a Weyl filtration. 
Throughout this note we keep the notation introduced so far. 
TOR-GROUPSOFQUASI-HEREDITARY ALGEBRAS 409 
LEMMA 1 [43. Ae and eA have a Weyl filtration as right, respectively left 
ede-modules with respect o the induced heredity chain of eAe. 
Proof: It is easy to see that Jle is ede-right projective. Since Ae, = 
Ae, Ae, = J, e, , it follows that (Ae/J, e) e 1 = 0. Therefare, (Ae/J, e) eJ1 e = 0, 
and Ae/J1 e is an eAe/eJ, e-module which is as such isomorphic to (A/J, ) Z, 
where Z = e f J, E A/J1. By induction, (A/J,)Z has a Weyl filtration with 
respect o the induced heredity chain of e(A/Jl)Z. [ 
LEMMA 2. For each i, 1~ i < n, and all k > 1 
Tor$(A/J;, mod-A/J,) = 0 
(i.e. Tor$(A/Jj, X) = 0 for all XE mod-A/J,), and 
To&mod-A/Ji, A/J,) = 0. 
Proof: Note that in the case where A is a finite dimensional algebra 
over a field, Lemma 2 follows using appropriate dualities from known 
results [6, Theorem 4.3(c)] about Ext-groups. 
We prove only the first formula. 
Let S be a simple A/J,-module. Applying - 0 A S to the exact sequence 
0 -+ Jj -+ A -+ A/J, -+ 0 yields the exact sequence 
O=Torf(A, S)-+Tor~(A/J,, S)-+ JiQA S=J,@, J$=O. 
Hence Torf(A/Jj, S) = 0. For k > 1 use the long exact Tar-sequence. 1 
LEMMA 3. For all k 2 1 and i = 1, . . . . n, 
Tor$(A/J,,mWf -A)=O, 
Torf(m Wf - A, A/Ji) = 0, 
and more generally, 
Torf(mWf-A,mWf-A)=O. 
ProoJ By Lemma 2, it suffices to show that Tor:(A/Ji, Jj/Jj- 1) = 0 for 
j < i. But Tor;(A/J,, Jj/Jj- 1) is a direct’summand of a direct sum of copies 
of To&A/J,, A/J,- 1) which is zero by Lemma 1 for A/Jj- 1. 1 
APPLICATION 1. The functors 
A/JO.- : m Wf - A -+ mod-A/J 
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and 
are exact. 1 
A& eAe- : m Wf - eAe + mod-A 
Essentially the long exact Tor-sequence gives the following generaliza- 
tion. 
APPLICATION 2. For all integers i, j, k: If k + j > i then 
Torf(A/J,, mod-A/Jj) = 0, 
Torf(mod-A/Jj, A/J,) = 0. 
ProoJ By Lemma 2, this is clear if ja i, since then mod-A/Jj c 
mod-A/J,. We therefore assume i> j and use induction on i-j. 
Let S be a simple A/Jj-module which is not an A/Jj+,-module. Then we 
have an exact sequence 0 + J” -+ J’-+ S+ 0, where J’ is an indecom- 
posable direct summand of Jj+l/Jj, and J” = rad, J’= Rad AJ’. Since 
Jj,l Rad AJ’ c Jj, J” is an A/J,, 1 -module. By the induction hypothesis, 
we have Tort(A/J,, J”) = 0 for all k > i-j. Moreover, since J’ has a Weyl 
filtration, by Lemma 3, Torf(A/Ji, J’) = 0 for all k 3 1. Now the statement 
follows from the long exact Tor-sequence which one gets from 0 + J” + 
J’ --* S -+ 0 after applying the functor A/J, @.,- to it. i 
As last application we give a short algebraic proof of the following result 
of Dlab and Ringel [4] and Parshall [S]. 
APPLICATION 3. For all e = ei, i = 1, . . . . n, the multiplication map 
Ae OeAe A + AeA 
is bijective. 
ProoJ: Since J, is A-projective, it is easy to see-using a splitting- 
that the multiplication map J1e@,,, eA + J,eA = J1 is bijective, cf. [4, 
Lemma 21. Also Ae/J, e OeAe eJ, =.O because e, annihilates AejJ,e. Since 
both AejJ,e and eAjeJ, have a Weyl filtration over eAe, by Lemma 3, 
Tor;A’(Ae/J1 e, eA/eJ,) = 0, and hence 
AeIJ1 e @eAe eAz Ae/J,eO,,, eA/eJ, E WJI)~O,~A~J,~, U/J,). 
We put J= AeA and apply - OeAe eA and the above isomorphism to the 
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exact sequence 0 -+ J, e -+ Ae -+ Ae/J,e --+ 0 to get a commutative exact 
diagram 
O---+J~eO...eA----+ AeOea,eA- (A/Jl)FOz~A,J,~z Z(A/J,)- 0 
2 
1 I 
2 
I 
0- J1eA=J, ------+ J + JIJI b 0. 
By induction, the right hand side multiplication map is bijective, ad 
consequently the multiplication map in the middle must be bijectivt: 
too. f 
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